
Bifurcation, Bursting, and Spike 
Frequency Adaptation
GuckenheimerJ, Harris-Warrick R, Peck J, WillmsA. 

Journal of Computational Neuroscience

Volume 4, 257-277, 1997

Mathematical Neuroscience
6.7.2007

Eric Knudsen
Dane Grasse



Outline

I. Introduction/Background

II. Bifurcations and transitions

I. The properties of interspike intervals during 
transitions (spiking/quiescence)

II. Test of theory on ML model

III. LP cell model

IV. Our results

V. Conclusions



Spike frequency adaptation

ÅwŜŘǳŎǘƛƻƴ ƛƴ ŀ ƴŜǳǊƻƴΩǎ ŦƛǊƛƴƎ ǊŀǘŜ

ïOpening channels hyperpolarizes neurons

ïCan lead to quiescence

ÅObserved in many neural systems and 
modulated by many neurotransmitters

ïNorepinephrine and other monoamines reduce 
activity of certain Ca2+ modulated K+ channels



Singularly perturbed dynamical systems

ÅSlowly varying, i.e. fast-slow timescales

ÅFast time scale ςdynamics involved with 
periodic firing

ÅGeneral form:

xΨ Ґ fʁ(x,y)

yΨ Ґ g(x,y)



Thesis of paper

άvǳŀƭƛǘŀǘƛǾŜ ŀƴŀƭȅǎƛǎ ƻŦ ǎŜǉǳŜƴŎŜǎ ƻŦ ƛƴǘŜǊǎǇƛƪŜ 
intervals provides additional information that 
can be used to constrain the mechanisms 
ǳƴŘŜǊƭȅƛƴƎ ǘƘŜ ǘŜǊƳƛƴŀǘƛƻƴ ƻŦ ǎǇƛƪƛƴƎΦέ

Behavior at transitions



Bifurcation Types and Transitions
Å Hopf Bifurcation - supercritical

ï Family of equilibrium points meets a family of periodic 
orbits

ï Oscillations decrease as HB point is approached

Å Saddle-node limit cycle
ï Periodic orbits of differing stability but both with finite 

amplitude and period approach each other

ï Period of oscillations bounded with non-decaying 
amplitude

Å Homoclinic Bifurcation
ï Periodic orbits terminate as the period grows without 

bound

ï Approach the same equilibrium from both forward and 
backward in time.

ï Lie in both stable and unstable manifolds

Å SN of equilibria interrupting limit cycles
ï Stable periodic orbit approaches SN of equilibrium

ï Open region of trajectories at the EP of the bifurcation

ï Two equilibria following bifurcation: sink and saddle

ï Results in an excitable system

Guckenheimer et al., 1997



Properties of ISIs During HC Bifurcation
Å9Ǿƻƭǳǘƛƻƴ ƴŜŀǊ I/ ōƛŦǳǊŎŀǘƛƻƴ ōŀǎŜŘ ƻƴ ȄΩҐ ,ʁ with the distance 

from its critical value for bifurcation to quiescence (ʁthςt)
ÅIf s = thςt, instantaneous periods behaves like: 

Thom(s)= c1 ln(s-1 ) + c2 ln(ln(s-1 )) + c3

ÅTested theory with simplified Morris-Lecarmodel

Guckenheimer et al., 1997



Properties of ISIs During SN Bifurcation

ÅTheory predicts that evolution of vector field 
near SN bifurcation is approximated by 
ǎƻƭǳǘƛƻƴǎ ǘƻ ȅΩ Ґ ȅ Ҍ Ȅ2

ÅSolution is of the form Isn= c1 + c2 (-x)-1/2

Guckenheimer et al., 1997



LP Neuron

Guckenheimer et al., 1997


